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‘More is Different’ [1] in graphene. A bilayer and a twist spring surprises. Recently discovered
superconductivity (Tc≈ 1.7 K) at an ultra low doping density∼ 1011/cm2 has alerted the community
to look for an electron-electron interaction based mechanism, as phonon-induced attraction seems
inadequate. We suggest a mechanism of superconductivity, where an important role is played by
the dense (density ≈ 2 × 1015/cm2) pi-electron fluid of graphene layers. This fluid bears off-shell
resonating valence bond correlations (RVB) at the carbon-carbon bond scale. A commensurate
twist θ ≈ 1.1o, creates charge neutral carrier puddles (size ∼ 50 A˚) and forms a triangular Moire´
lattice of local AA registry. AA registry dopes equal numbers of electrons and holes via interlayer
tunneling, whereas AB registry does not. Carriers inside the charge neutral puddles form equal
numbers of -2e and +2e Cooper pairs, using on-shell RVB correlations. A Josephson-Moire´ lattice
emerges. Coulomb blockade competes with pair tunneling and creates a Bose Mott insulator. Gate
doping dopes the Bose Hubbard model and creates superconductivity. Our message is that RVB
correlations, which remain dormant in (carrierless) neutral graphene become on-shell for two added
electrons, as they are indistinguishable from electrons that make the background pi-fluid in graphene.
PACS numbers:
I. INTRODUCTION
Emergence and quantum complexity abound in the
world of graphene [4–7]. A twisted bilayer, containing
two graphene layers, become more than sum of the parts
[2, 3], via Moire´ lattice modulated electronic properties.
Single electron spectrum changes in a remarkable fashion
[8–16]. Uniform magnetic field creates a Hofstadter but-
terfly fractal spectrum [17–21] This in turn is capable of
producing interesting manybody effects and phases with
and without magnetic fields. Quantum Complexity and
emergence continues to grow in graphene.
In a series of recent exciting experiments, prisine
twisted bilayer graphene has been shown to behave as
an insulator[2], which becomes a superconductor [3] on
gate doping. It has been suggested that the twist isolates
a low density of electron carriers at the Fermi level and
builds a Fermionic Mott insulator subsytem, which pro-
vides a template for the experimentally observed low Tc
superconductivity. Twisted trilayer graphene with ABC
stacking grown on a hexagonal boron nitride layer also
shows [22] interesting gate tunable metal insulator tran-
sitions.
The aim of the present article is to present micro-
scopic and qualitative considerations for twisted bilayer
graphene, and bring out certain inescapable, general
and novel features. We present a commensurate twist
(θ ≈ 1.1◦) induced insulating Josephson-Moire´ lattice of
Cooper pair puddles and suggest a Boson Mott insula-
tor model. Gating dopes the Boson Mott insulator and
creates superconductivity.
Recent experimental results [2, 3] have inspired a lot
of interesting theoretical work and ideas [23–29, 31]. A
general emphasis is on emergent Fermionic Mott insula-
tors. Theoretical results also provide important insights
into existence of few nearly flat bands close to the Fermi
level for small twist angle, in the background of a com-
plex band structur that is sensitive to twist angle. Our
work brings out a new local aspect, namely Cooper pair
formation within a Moire´ supercell, using properties of
the nearly flat bands and point to a new direction.
We briefly intoduce our idea first. In an AA stacked
bilayer, a case of perfect registry of atoms, interlayer tun-
nelling creates small electron and hole Fermi pockets of
equal area. AB stacking on the other hand, does not
ceate any Fermi poclets; bilayer remains a semimetal,
with a qudratic band touching. A commensurate an-
gular twist from AA registry creates a triangular Moire´
superlattice of local AA registry. This superlattice con-
tains charge neutral puddles of quantum confined elec-
tron and hole carriers, generated via local interlayer dy-
namics. Partial registry in rest of the sample, a honey-
comb superlattice containing AB or BA local stacking,
does not acquire carriers.
Quantum confined states close to Fermi level weakly
overlap and form few nearly flat bands. This also fol-
lows from band theory. Carriers in the narrow bands
have to get paired in order to create superconductivity.
Phonon induced pairing among the few carriers, because
of quantum confinement, is negligibly small. Pairing be-
tween two electrons in neighboring Moire´ supercells is
also heavily supressed in view of the large supercell lat-
tice parameter ∼ 130 A˚, for θ ≈ 1.10.
The required pairing is provided by the dense back-
ground pi electron fluid of graphene substrate, via res-
onating valence bond correlations it nurtures. As carriers
are absent at Fermi level in graphene, RVB correlations
remain off shell and are inconsequential at low energies.
However, added free carriers bring RVB pairing on shell,
as they are indistinguishable from the electrons of back-
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2ground dense pi electron fluid. Cooper pairs get formed
in charge neutral puddles. A Josephson lattice is formed.
Coulomb force compete with Cooper pair tunneling. We
get a Cooper pair Mott insulator. External gate voltage
dopes the Boson Mott insulator and control supercon-
ductivity.
Our paper is organized as follows. We first discuss
presence of self doping in the case of perfect AA stacked
bilayers and absence of self doping in the case of AB
stacked bilayers. Then we study twisted bilayer graphene
at the small magic commensurate angle and discuss the
origin of pairing. We present an emergent Josephson lat-
tice in a Mott insulating state. A doped Bose Hubbard
model is suggested as a minimal model to understand the
experimentally seen insulator to superconductor transi-
tion.
In the appendix we summarise earlier attempts to
understand electron correlation effects in the broad band
graphene and RVB idea based prediction of high Tc
superconductivity in graphitic systems.
RVB superconductivity in graphene based Sys-
tems. Before we begin, a remark about doped graphene
and graphite is in order. In RVB theory (explained in the
supplement) one expects superconductivity at room tem-
perature scales for a carrier doping of ≈ 3 × 1014/cm3).
This density is about 15 % of the graphene pi electrons.
It is indeed interesting that historically there have been
intriguing signals [30, 32, 33] for elusive superconductors,
even at room temperature scales ! The new experiments
[2, 3], in view of the nearly 100 times lower carrier density
is not inconsistent with RVB mechanism of superconduc-
tivity at 1.7 K. Are we witnessing tip of an iceberg in the
recent experiments [2, 3] ?
In an important work Choi and McKinnon [34] stud-
ied the possibility of high Tc superconductivity in inter-
calated graphite from RVB physics point of view. The
physics of their work is very similar to the one we discuss
in the supplement. Even though intercalated graphites
have very high doping density, ordered intercalant atom
encourages a strong charge ordering. This ordering com-
petes with RVB mechanism and reduces Tc significantly
to the observed small values [35].
II. SELF DOPING IN AA STACKING AND ITS
ABSENCE IN AB STACKING
In this section we review known results about how in-
terlayer tunnelling modifies the band structure close to
the Fermi level in the case of AA and AB stacking. AA
stacked graphene has been studied in the past from ex-
perimental [36, 37] and many body theory [38–40] points
of view.
Consider the single particle Hamiltonian of an AA
stacked bilyer graphene. As AA stacking creates a per-
fect registry between atoms in the two layers, interlayer
hopping has full translational invariance of the underly-
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FIG. 1: Dirac semimetallic states at K point of two layers
in the AA stacked bilayer get hybridized by interlayer hop-
ping t0. Resulting bonding and antibonding interlayer bands
rigidly shift in energy in opposite directions. It results in cre-
ation of electron like and hole like Fermi pockets of identical
area with Fermi energy t0 ≈ 0.35 eV.
ing honeycomb lattice. The largest interlayer hopping t0
is between two atoms, aligned along c-axis. Band theory
estimates a value t0 ∼ 0.35 eV.
By symmetry two identical Bloch states from top and
bottom graphene layers alone hybridize and split into
(interlayer) bonding and antibonding states. Bonding
and antibonding bands thus formed rigidly move up and
down by an energy t0. This creates overlapping electron
and hole Fermi pockets of identical sizes (ignoring a small
trigonal warping) at K and K’ points in the BZ (Figure
1).
Thus interlayer dynamics adds an equal density of elec-
tron and hole carriers to neutral graphene bilayer. Fermi
momentum of the pockets is given by
2t0
3ta
, where t (≈ 3
eV) is the nearest neighbor hopping in a graphene layer
and a is the nearest carbon carbon distance in a layer.
Aerial density of added carriers is ∼ 4× 1012/cm2. This
is very small and is about 0.2 % of density of pz-electrons
∼ 2× 1015 (or carbon atoms) in neutral graphene layer.
In the case of AB or BA stacked bilayer, perfect reg-
istry exists only between a pair of triangular sublattice,
one from the top and other from bottom layer. An in-
terlayer hopping t0 ≈ 0.35 eV exists between half of the
atoms that are in registry. Remaining triangular sub-
lattices, which are out of registry, have negligible inter-
layer hopping matrix elements. Consequently AB stack-
ing maintains semi metallicity, even after interlayer hy-
bridization; no Fermi pockets are produced. There are
two important differences however. Of the two interlayer
hybridized bands, i) one has, instead of two Dirac cones,
two touching quadratic bands at K and K’ points at the
Fermi level and ii) the other acquires a gap (∼ t0) at the
Fermi level.
The above known facts form the basis of our proposal,
discussed in the next section, for the observed low Tc
superconductivity and insulating behavour seen in gated
experiments in twisted bilayer graphene, very recently.
3FIG. 2: A Moire pattern for a small commensurate angle
twist in bilayer graphene (Acknowledgement: this figure is
taken from reference [23]). Within a region of dominant AA
stacking, interlayer tunneling add equal number of electron
and hole carriers and quantum confines them. In our theory
they become Josephson islands, containing RVB correlation
induced pairing and equal number of ± 2e Cooper pairs.
III. TWISTED BILAYER GRAPHENE AND
EMERGENT JOSEPHSON LATTICE
Even at the level of free electron tight binding model,
a twisted bilayer graphene offers challenge for analytic
calculation, A space dependent modulation of interlayer
hopping hybridizes Bloch states of two layer, that are
all related by reciprocal lattice vectors of the Moire´ lat-
tice. Corresponding single particle diagonalization prob-
lem can become unwieldy. Physics motivated accurate
analytical approaches have been made however [8–16]
There has been interesting experimental observations
of Moire´ patterns and experiments in graphene [41–45].
Very recent works have also performed interesting experi-
ments on various aspects of twisted bilayer graphene[47–
50]. An interesting recent theoretical work has antici-
pated magnetic states [46] in twisted bilayer graphene
at small twist angles θ ≈ 10, before the wave of current
experiments.
In what follows we identify certain general and
robust feature at smal commensurate magic angles and
introduce a model and estimate parameters of the model.
Number of Carriers in a Puddle.
The Moire´ superlattice (Figure 2) has a three (tri-
angular) sublattice structure. These sublattices contain
dominant bilayer registries of AA, AB and BA types re-
spectively.We focuss on the experimentally relevant small
magic twist, θ ≈ 1.10. Unit cell size of the superlattice
is large ≈ 130 A˚; it contains ∼ 6000 atoms [15], As AA
registry alone adds electron and hole carriers via inter-
layer tunneling, we get a periodic Moire´ lattice of charge
neutral puddles. In a semiclassical sense, we say that in
the Moire´ lattice a periodic modulation of the Fermi wave
vector in real space occurs.
Number of carriers in the puddle is estimated as fol-
lows. Local AA stacking in a Moire´ supercells produces
the puddle. Doping density for AA stacking is about 0.2
% of the aerial density of carbon atoms in a graphene
layer. In the Moire´ supercell containing 6000 atoms,
about a third, 2000 atoms, have approximate AA reg-
istry. Thus a rough estimate of added carrier number
is, 0.2 % of 2000, which is about 4 per puddle. This es-
timate is in the right ball park, compared to estimates
from band structure results.
Origin of Nearly Flat Bands. A modulated inter-
layer dynamics not only adds carriers but also produces
quantum confinement. Depth of the confining pseudo po-
tential is determined by the maximum value t0 ≈ =.35
eV, of the modulated interlayer hopping matrix element.
Physically, Moire´ superlatttice band splitting scale is
given by
∆E ∼ hvFGSL, (1)
where vF is Fermi velocity in graphene layer and GSL is
the reciprocal lattice vector of the Moire´ superlattic. For
our supercell, level splitting is ∆E ∼ 0.1eV . This split-
ting is small compared to Fermi energy of added carriers,
t0 ≈ 0.35 eV. This is consistent with band theory result,
where one sees few nearly flat bands in the energy range
of 0.35 eV (Fermi energy of the untwisted AA bilayer).
A closer look at the band structure reveals that while
details of band profile change sharply with twist angle,
some general features survive. For example, for the case
close to θ = 10, we have two to three flat bands at the
Fermi level in the scale of the interlayer tunneling matrix
element. As we mentioned ealier, these narrow bands
are derived from states of the small Fermi pocket Bloch
states of electrons and holes. Thus it is natural that a
few electrons and holes, in equal numbers, live in these
states and get scattered among these narrow band states
from interaction processes.
Quantum Confinement and Narrow Bands.
Quantum confined single particle states between neigh-
boring cells overlap weakly and form very narrow bands.
We estimate an upper bound of this as follows. Quantum
confined eigen functions are spread over ∼ 2000 atoms.
Hopping between states from neighboring cells arise, via
nearest neighbor single particle hopping t (≈ 3eV ) be-
tween about 20 to 30 atom pairs at the overlapping
boundary region. Further, amplitude of confined wave
functions sharply fall at the overlap region C, ψ(C) ∼
1√
10
. This gives us hopping between neighboring super-
cells,
ts ∼ 1
(
√
2000)2
× 1
10
× 20× t ∼ 1 meV. (2)
This estimate is in the right ball park and consistent with
width of narrow bands as given by band structure results.
Under some conditions one may obtain flat bands,
arising from special interference effects and symmetries.
4However, unavoidable perturbations are likely to broaden
these bands.
Origin of Pairing and Scale of Cooper Pair
Binding Energy
So far we have seen that neutral carrier puddles con-
taining equal and a small number of electrons and holes
are present in each Moire unit cell, close to the Fermi
energy. As the confinement energy scales are large, a
phonon mediated attraction can not lead to requred pair-
ing strength [2, 3].
How about inter Moire´ supercell singlet pairing in an
emergent Fermion Mott insulator ? As single particle
tunneling matrix elements between neighboring super-
cells is very small our estimates show that such processes
are also strongy inhibited. This reduces probability of
intersupercell Cooper pairing, via superexchange for ex-
ample.
We find that RVB correlation, which is present, but
is of no consequence in neutral graphene, because of ab-
sence of carriers at Fermi level, could help in the follow-
ing fashion. That is RVB correlations modify the ground
state, but keep low energy physics the same as a Fermi
liquid semimetal and do not produce superconductivity.
As explained in the supplementary sections a moderate
Hubbard U in the broad band graphene nurtures a sin-
glet correlation. This attraction is off-shell for electrons
that make up netural graphene. Two added free carri-
ers, which become indistinguishable from pi electrons that
make up graphene, also feels the same RVB correlation,
but onshell.
In our early theory for graphite like systems we incor-
porated the above (Pauling’s RVB physics) via a phe-
nomenological pairing Hamiltonian added to the free
electron Hamiltonian:
HRVB = −t
∑
〈ijσ〉
(c†iσcjσ +H.c.)− J
∑
〈ij〉
b†ijbij (3)
Here, b†ij ≡ 1√2 (c
†
i↑c
†
j↓− c†i↓c†j↑) is the singlet electron pair
operator. The meaning of the above term is the following.
Each head on collisions involving a double occupancy of
opposite spin electrons (spin singlet state) lead to a quan-
tum entanglement in the spin singlet (not in the triplet)
channel between two electrons. This spin entanglement
is strongest when they are neighbors. A large pairing
pseudopotential J, in our model Hamiltonian forces such
short distance quantum entanglement. As discussed in
the supplement, this large pseudopotential for graphene
is J ∼ 2 eV. This large J value is also supported by our
spin-1 collective mode theory of graphene.
The above short distance attraction term scatters
charge -2e electron pairs and charge +2e hole pairs in
the puddle among available quantum confined levels close
to the Fermi level and creates a kind of zero momentum
state within a puddle for charge ± 2e Cooper pairs. A
lower bound for binding energy of Cooper pairs is ob-
tained as an energy gain between two electrons, when
they happen to be nearest neighbors in the graphene lat-
tice, during their sojourn in quantum confined states. As
probabiity of two pairs being neighbors in a given quan-
tum confined state is 12000 , effective Cooper pair binding
energy scale is
∆c ∼ J
2000
≈ 1 meV. (4)
This scale is also related to a spin gap scale within the
large island containing paired carriers; i.e., energy needed
to convert a singlet pair into a triplet.
Number of Cooper pairs obtained by the above for our
case of θ ≈ 1.10 is a few. Electrons and holes also will
experience an attraction within the puddle. However,
their singlet binding scale is reduced by the fact one lives
in a interlayer bonding state and the other in the bonding
state. Further, semimeteallic screening from AB and BA
stacking region reduce the attraction. It is safe to say
that we will be left with a couple of equal number of
charge ± 2e Cooper pairs.
Cooper Pair Tunneling Matrix Element.
Charged Cooper pairs (Bosons) undergo Josephson or
pair tunnelling between two neighboring supercells.
There are various processes possible, including Coulomb
interaction assisted pair tunneling. We focus on pair
tunneling aided by single particle tunneling ts (equation
3), via a second order single electron tunneling process,
involving a breaking of Cooper pair (equation 4) and
recombination. Cooper pair hopping matrix element is
tb ∼ t
2
s
∆c
∼ 1 meV. (5)
IV. COOPER PAIRS AND BOSE HUBBARD
MODEL
From the above discussion and estimates of parameters
we conclude that at low energy scales of interest, Cooper
pair degrees of freedom in each cell is more relevant than
added single electron or hole degree of freedom. As a first
approximation we treat each supercell as a Cooper pair
box, containing Cooper pairs in certain effective lowest
(analogue of zero momentum) orbital state. We model
this by introducing just two (±) Bose oscilators at every
cell, corresponding to ± 2e Cooper pairs in the i-th su-
percell. A state containiing n Cooper pairs corresponds
to n-th excited state of the Bose oscillator. We represent
Boson creation and annihilation operators by (b†i±, bi±)
and number operators by ni±.
In the absence of an external gate voltage every super-
cell of our twisted bilayere graphene is charge neutral.
Each cell contains equal numbers of charge ± 2e Cooper
pairs. Coulomb forces try to maintain charge neutrality
within a cell by a bosonic Hubbard repulsion UB, given
by
UB ∼ e
2
4pi0ls
≈ 10 meV (6)
5where 0 is the local dielectric constant in the quantum
confined region and ls is the Moire´ supercell lattice pa-
rameter.
Two chemical potentials µB± fix total number of
charge ± 2e Cooper pairs. In the absence of a gate volt-
age, for charge neutral twisted bilayer µB− = µB+.
Resulting simplified Bose Hubbard model for our
Josephson lattice is:
HB = −tB
∑
〈ij〉
(b†i±bi± +H.c.) + UB
∑
i
(ni+ − ni−)2
+ µB−
∑
i
ni− + µB+
∑
i
ni+ (7)
Our estimate of UB ≈ 10 meV is larger than the bo-
son band width ∼ 6 meV. Charge neutrality demands
that averaage number of holes and electrons are equal
in every puddle. Thus, in the absence of a gate voltage,
µB− = µB+. A overwhelming Coulomb repulsion local-
izes bosons and we have a Boson Mott insulator, in the
absence of gating.
A gate voltage adds a finite mean charge density, either
electrons or holes, to the quantum confined regions. Us-
ing the same local RVB correlations, these carriers tend
to get singlet paired within the cells. Effectively, gating
adds either charge +2e Cooper pairs or charge -2e Cooper
pairs. This changes the local Boson occupation from a
commensurate integer value. Thus we get a doped Boson
Hubbard model and hence superfluidity (superconductiv-
ity) of charged Boson Cooper pairs.
Aim of the present article is to setup a correct model
and discuss general physical consequences of the model.
We hope to discuss our Boson Hubbard model, in the
light of recent experimental results in the future.
V. ON RECENT WORKS
Recent experimental [2, 3] papers have suggested
possible role of emergent Mott insulator in the small
angle twisted bilayer graphene. While finishing this
manuscript, we found some interesting theoretical arti-
cles [23–31] on various aspets of twisted bilayers.
Some of them focus on the emergent fermionic Mott
insulator aspect. Xu and Balents [26] introduce a two
orbital Hubbard model in a triangular lattice and discuss
physics of doped Mott insulator. Po, Zou, Viswanath
and Senthil [29] and Liang [28] introduce a honeycomb
lattice fermionic Mott insulator. Cooper pairs in these
models are intersite and superexchange in origin. Further
they invoke coulomb interactions at the length scale of
Moire´ lattice spacing (130 A˚), for superexchange pairing
for example. The background dense fluid of pi electrons
does not play any role in paiiring.
In our work we find a substantial pairing in the trian-
gular lattice of puddles. In other words what we have is
an intracell pairing. Further our pairing arises from the
local U, contained in the physics of the background dense
pi electron fluid.
In our estimates the emergent fermionic Mott insula-
tors are somewhat fragile compared to relatively robust
Bosonic Mott insulator we have suggested. More work
is needed to confirm this and also understand possible
synergies.
VI. DISCUSSION
Anderson’s ‘More is different’, a general notion of
emergence is relevant for the broad field of condensed
matter physics, biology, science and beyond. It is grat-
ifying that ‘More is different’ finds a place even in an
apparently small world of graphene, a single elemental
solid, via an emergent hierarchy, quantum complexity [7]
and surprises. One is also reminded of elemental liquid
He3 [51] and elemental solid bismuth [52].
Authors of recent experiment in twisted bilayer
graphene correctly point out that [3], a very low carrier
density rules out phonon mediated pairing. They sug-
gest an emergent Fermionic Mott insulator and doping
induced superconductivity.
We use phenomenlogy, physics and microscopics to
set up a relevant model to understand the same phe-
nomenon. We have suggested that the correct model is
a Bose Hubbard model, with and without doping. In
various recent works, detailed band structure results and
single particle information are available for twisted bi-
layer graphene. Our estimates of band parameters seem
consistent with the band structure results, eventhough
our conclusion and a Bose Hubbard model seems to be
at variance..
The Coulomb blockade we have suggested seems to be
very important for small twist angle, for example, the
magic angle θ ≈ 1.10 used in recent experiments. We find
that for larger angles the physics changes very quickly
and our approximations do not work. Physically, when
the estimated quantum confinement splitting (equation
1) exceeds interlayer tunneling, quantum confinement be-
comes less effective and bands are no more narrow. Large
angle commensurate twists call for a different type of
analysis and there may be further surprises.
In the case of perfect AA stacking, as we saw earlier, a
small but finite density (4 × 1012 /cm2) of electron and
hole doping is induced by a small interlayer dynamics.
Do the carriers make use of RVB correlations and become
superconducting ? Within our approach, we do find chi-
ral d+id superconductivity with a Tc ∼ 5 K. However,
a strong electron hole attraction between nested electron
and hole Fermi pockets competes with superconductivity
via other instabilities. AB stacking, because of continu-
ing absence of carriers and Fermi pockets at the Fermi
level, does not have a significant superconducting insta-
bility.
While an RVB based pairing ensures a singlet super-
conducting order parameter, it is difficult for us to ex-
6tract the orbital state of the Cooper pair, as it depends
on details of pair scattering, the nature of states inside
a puddle, valley degeneracy etc. We expect pairing in-
volving two quantum confined states connected by time
reversal symmetry. The pairs get scattered among such
available time reversed pair states near the Fermi level
and create a type of zero center of mass momentum state
within a puddle. Its angular momentum will in general
be quenched (because of the shape of the puddle) or it
may form a chiral state such as d + id. A variational
Motecarlo approach along the lines of reference [60] for
an isolated Moire Supercell may offer some guidance.
We would also like to point out that topological char-
acter of single particle bands close to the fermi level, will
become less important for the center of mass of Cooper
pairs. In some sense, Cooper pairs hide detailed topolog-
ical properties of the band in the orbital relative coordi-
nate part.
The mathematics and group theory behind Moire´ crys-
tallography is rich. We have only focussed on certain key
aspects that are manifest in small twist angle situation.
As found by some authors, topological properties of ex-
tended states close to the Fermi level may play important
role, particularly when one considers larger commensu-
rate angles. In the present case such topological prop-
erties may play a decisive role in deciding the orbital
symmetry of the spin singlet order parameter.
We also wish to remark that we have not violated An-
derson’s theorem on disappearance of superconductivity,
with reducing size of a superconducting particle. Accord-
ing to Anderson theorem [53] superconductivity disap-
pears when, quantum confinement induced level spacing
becomes larger than the energy scale of attraction. As
local energy scale of attraction J is large compared to
quantum confinement induced level spacing, we do not
violate Anderson theorem.
A final remark, about the possibility of high Tc su-
perconductivity in graphitic systems is in order. Even
though twisted graphene, an ultra clean system, shows
a low Tc superconductivity via a very small self dop-
ing, it should encourage a search for high Tc supercon-
ductivity [30]. A prediced high Tc superconductivity in
optimally doped graphene/graphite system [58] remains
to be seen experimentally. It should be pointed out that
there are signals for Elusive and Ustable Superconductors
[32], with high Tc’s and even reaching room temperature
scales in graphitic systems [33].
Acknowledgement: I thank R. Ganesh, S. Hassan,
A. Jafari and M.S. Laad for discussion and comments. I
am grateful to Science and Engineering Research Board
(SERB, India) for award of a National Fellowship. This
work, partly performed at the Perimeter Institute for
Theoretical Physics, Waterloo, Canada is supported by
the Government of Canada through Industry Canada and
by the Province of Ontario through the Ministry of Re-
search and Innovation.
[1] P.W. Anderson, More Is Different, Science, 177 393
(1972)
[2] Y. Cao, V. Fatemi, A. Demir et al., Correlated insulator
behaviour at half-filling in magic-angle graphene super-
lattices, Nature, doi:10.1038/nature26154 (2018).
[3] Yuan Cao, Valla Fatemi, Shiang Fang et al., Uncon-
ventional superconductivity in magic-angle graphene su-
perlattices, Nature, doi:10.1038/nature26160 (2018); Y.
Cao, V. Fatemi, S. Fang et al., Magic-angle graphene
superlattices: a new platform for unconventional super-
conductivity, arXiv:1803.02342
[4] A. C. Neto, F. Guinea, N. M. Peres, et al.. The electronic
properties of graphene. Rev. Mod. Phys. 81 109 (2009)
[5] M.I. Katsnelson, Graphene: Carbon in Two Dimensions
(Cambridge University Press, 2012)
[6] A.V.Rozhkov, A.O.Sboychakov, A.L.Rakhmanov and F.
Nori, Electronic properties of graphene-based bilayer sys-
tems, Phys. Rep. 648 1 (2016)
[7] G. Baskaran, Quantum Complexity in Graphene, Mod.
Phys. Lett. B 25 605 (2011)
[8] J. M. B. Lopes dos Santos, N. M. R. Peres, and A. H.
Castro Neto, Phys. Rev. Lett.99 256802 (2007)
[9] E. J. Mele, Commensuration and interlayer coherence in
twisted bilayer graphene, Phys. Rev. B 81 161405(R)
(2010)
[10] G. Trambly de Laissardiere, D. Mayou, and L. Magaud,
Localization of Dirac electrons in rotated graphene bilay-
ers, Nano Lett.10 804 (2010)
[11] E. S. Morell, J. D. Correa, P. Vargas, et al., Flat bands
in slightly twisted bilayer graphene: Tight-binding cal-
culations, Phys. Rev. 82 121407(R) (2010)
[12] R. Bistritzer and A. H. MacDonald, Moir bands in
twisted double-layer graphene PNAS, 108 12233 (2011)
[13] P. San-Jose, 1 J. Gonzlez, 1 and F. Guinea, Non-Abelian
Gauge Potentials in Graphene Bilayers, Phys. Rev. Lett.
108 216802 (2012)
[14] Topological Crystalline Insulator Phase in Graphene
Multilayers M. Kindermann, Phys. Rev. Lett. 114,
226802 Published 2 June 2015
[15] S. Shallcross, S. Sharma, E. Kandelaki et al., Electronic
structure of turbostratic graphene, Phys. Rev. B 81 1098
(2010)
[16] B.R.K. Nanda and S. Satpathy, Strain and electric
field modulation of the electronic structure of bilayer
graphene, Phys. Rev. B 80 165430 2009)
[17] D.S. Lee, C.Riedl, T. Beringer et al;, Quantum Hall Ef-
fect in Twisted Bilayer Graphene, Phys. Rev. Lett. 107
216602 (2011)
[18] R. Bistritzer and A. H. MacDonald, Moir butterflies in
twisted bilayer graphene, Phys. Rev. B 84 035440 (2011)
[19] M. Kindermann and E. J. Mele, Landau quantization in
twisted bilayer graphene: The Dirac comb, Phys. Rev.
B84 161406(R) (2011)
[20] C. R. Dean, L. Wang, P. Maher et al., Hofstadters butter-
fly in moire superlattices: A fractal quantum Hall effect,
Nature 497 598 (2013)
[21] Y. Kim, J. Park, I. Song et al., Broken-Symmetry Quan-
tum Hall States in Twisted Bilayer Graphene, Sci. Rep.,
76 Article number: 38068 (2016)
[22] G. Chen, L. Jiang, S. Wu et al., Gate-Tunable Mott In-
sulator in Trilayer Graphene-Boron Nitride Moir Super-
lattice, arXiv:1803.01985
[23] Electronic spectrum of twisted graphene layers under het-
erostrain, L. Huder, A. Artaud, T. Le Quang ete al.,
arXiv:1803.03505
[24] D.K. Efimkin and A.H. MacDonald, Helical Network
Model for Twisted Bilayer Graphene, arXiv:1803.06404
[25] Emergent geometric frustration and flat band in moir bi-
layer graphene, H.K. Pal, S. Spitz, and M. Kindermann,
arXiv:1803.07060
[26] Cenke Xu and Leon Balents, Topological Superconduc-
tivity in Twisted Multilayer Graphene, arXiv:1803.08057
[27] M.H. Naik and M. Jain, Ultraflat bands and shear soli-
tons in Moir patterns of twisted bilayer transition metal
dichalcogenides, arXiv:1803.09240
[28] A Model for Metal-Insulator Transition in Graphene Su-
perlattices and Beyond, N.F.Q. Yuan and Liang Fu,
arXiv:1803.09699
[29] H.C. Po, L. Zou, A. Vishwanath et al., Origin of Mott
insulating behavior and superconductivity in twisted bi-
layer graphene, arXiv:1803.09742
[30] G.E. Volovik, Graphite, graphene and the flat band su-
perconductivity, arXiv:1803.08799
[31] B. Roy and V. Juric´i, Unconventional superconductiv-
ity in nearly flat bands in twisted bilayer graphene,
arXiv:1803.11190
[32] Y. Kopelevich, R.R. da Silva and B.C. Camargo, Physica
C 514 237 (2015)
[33] P.D. Esquinazi, C.E. Precker, M. Stiller, T.R.S. Cordeiro,
J. Barzola-Quiquia, A. Setzer, and W. Bhlmann,
Evidence for room temperature superconductivity at
graphite interfaces, Quantum Studies: Mathematics and
Foundations, 1-13 (2017)
[34] T. C. Choy and B. A. McKinnon, Significance of
nonorthoganality in tight-binding models. II. The possi-
bility of high-Tc superconductivity in intercalation com-
pounds, Phys. Rev. B 52, 14539 (1995)
[35] G. Baskaran, Unpublished
[36] Z. Liu, K. Suenaga, P.J.F. Harris and Sumio Iijima, Open
and Closed Edges of Graphene Layers (folded graphene),
Phys. Rev. Lett. 102 015501 (2009)
[37] 8. Borysiuk, J., Soltys, J., Piechota, J.: Stacking Se-
quence Dependence of Graphene Layers on SiC(000-1)
- Experimental and Theoretical Investigation J. Appl.
Phys. 109, 093523 (2011)
[38] A. L. Rakhmanov, A. V. Rozhkov, A. O. Sboychakov
et al., Instabilities of the AA-Stacked Graphene Bilayer,
Phys. Rev. Lett. 109 206801 (2012)
[39] L. Brey and H. A. Fertig, Gapped phase in AA-stacked
bilayer graphene, Phys. Rev.B 87 115411 (2013)
[40] S. Sahu and G.C. Rout, Tight-Binding Model Study
of Anti-ferromagnetic Order in AA-Stacked Bi-
layer Graphene, J. Supercond Nov. Magn. DOI
10.1007/s10948-017-4185-3, online 1st June 2017
[41] M. Kuwabara, D. R. Clarke, and D. A. Smith, Anoma-
lous superperiodicity in scanning tunneling microscope
images of graphite, Appl. Phys. Lett. 56 2396 (1990)
[42] J. Xhie, K. Sattler, M. Ge, and N. Venkateswaran, Gi-
ant and supergiant lattices on graphite, Phys. Rev.B 47
15835 (1993)
[43] Guohong Li, A. Luican, J. M. B. Lopes et al., Observa-
tion of Van Hove singularities in twisted graphene layers,
Nature Physics 6 109 (2010)
[44] A. Luican, Guohong Li, A. Reina et atl., Single-Layer Be-
havior and Its Breakdown in Twisted Graphene Layers,
Phys. Rev. Lett. 106 126802 (2011)
[45] Y. Kim, H.Yun, S-G. Nam et al., Breakdown of the In-
terlayer Coherence in Twisted Bilayer Graphene, Phys.
Rev. Lett. 110 096602 (2013)
[46] L.A. Gonzalez-Arraga, J.L. Lado, F. Guinea et al.,
Electrically Controllable Magnetism in Twisted Bilayer
Graphene, Phys. Rev. Lett. 119 107201 (2017)
[47] K. Kim, A. DaSilva, S. Huang et al., Tunable moir
bands and strong correlations in small-twist-angle bilayer
graphene, PNAS 114 3364 (2017)
[48] P.S. Mahapatra, K. Sarkar, H.R. Krishnamurthy et al.,
Seebeck coefficient of a single van der Waals junction in
twisted bilayer graphene, arXiv:1801.1269
[49] High density carriers at a strongly coupled graphene-
topological insulator interface A. Zalic, 1 T. Dvir, 1 and
H. Steinberg, arXive:1803.08260
[50] P. Rickhaus, J. Wallbank and S. Slizovskiy et al., Trans-
port through a network of topological states in twisted
bilayer graphene, arXiv:1802.07317
[51] G.E. Volovik, The Universe in a Helium Droplet, Oxford
Science Pulications (2003)
[52] G. Baskaran, Theory of Ultra Low Tc Superconductivity
in Bismuth: Tip of an Iceberg ? arXiv:1705.01506
[60] S. Pathak, V.B. Shenoy, and G. Baskaran, Possi-
ble high-temperature superconducting state with a d+id
pairing symmetry in doped graphene, Phys. Rev. B 81
085431 (2010)
[53] P.W. Anderson, Theory of dirty superconductors, Jour-
nal of Physics and Chemistry of Solids 11 26 (1959)
[54] L. Pauling, Nature of the Chemical Bond, Cornell Uni-
versity Press (1960)
[55] P.W. Anderson, Resonating valence bonds: A new kind
of insulator? Materials Res. Bulletin, 8 153 (1973)
[56] G. Baskaran and S. A. Jafari, Gapless Spin-1 Neutral
Collective Mode Branch for Graphite, Phys. Rev. Lett.
89 016402 (2002); N. M. R. Peres, M. A. N. Arajo, and
A. H. Castro Neto, Comment on Gapless Spin-1 Neu-
tral Collective Mode Branch for Graphite, Phys. Rev.
Lett. 92 199701 (2004); G. Baskaran and S. A. Jafari,
Baskaran and Jafari Reply: Phys. Rev. Lett. 92 199702
(2004)
[57] E.H.Lieb and F.Y.Wu, Phys. Rev. Lett. 20 1445 (1968)
[58] G. Baskaran, Resonating-valence-bond contribution to
superconductivity in MgB2, Phys. Rev. B 65 212505
(2002)
[59] A.M. Black-Schaffer and S. Doniach Resonating va-
lence bonds and mean-field d-wave superconductivity in
graphite, Phys. Rev. B 75 134512 (2007)
[60] S. Pathak, V.B. Shenoy and G. Baskaran, Possible high-
temperature superconducting state with a d + id pairing
symmetry in doped graphene, Phys. Rev. B 81 085431
(2010)
[61] R. Nandkishore, L.S. Levitov and A.V. Chubukov, Chiral
superconductivity from repulsive interactions in doped
graphene, Nature Physics 8 158 (2012)
[62] Competing many-body instabilities and unconventional
superconductivity in graphene M.L. Kiesel, C. Platt, W.
Hanke et al., Phys. Rev. B 86 020507(R) (2012)
[63] A.M Black-Schaffer and C.Honerkamp 2014 Chiral d-
wave superconductivity in doped graphene J. Phys.:
Condens. Matter 26 423201 (2014)
8[64] Time-reversal symmetry breaking superconducting
ground state in the doped Mott insulator on the honey-
comb lattice Zheng-Cheng Gu, Hong-Chen Jiang, D. N.
Sheng, Hong Yao, Leon Balents, and Xiao-Gang Wen
Phys. Rev. B 88, 155112 Published 11 October 2013
[65] W-S Wang, Y-Y. Xiang, Q-H Wang et al., Functional
renormalization group and variational Monte Carlo stud-
ies of the electronic instabilities in graphene near 14 dop-
ing, Phys. Rev. B 85 035414 (2012)
Supplement
Electron Correlation and Singlet-Tripet Splitting of
Excited States: Benzene to Graphene
It is known that electronic properties of p-pi bonded
benzene molecule is well described by resonating va-
lence bond theory introduced by Pauling [54]. Deby-
Huckel one electron theory (filling of molecular orbitals)
is less succesful. As an example, a large splitting ∼ 2
eV between the lowest triplet and the lowest singlet ex-
cited states, seen experimentally in benzene, is missed
by Debye-Huckel theory. Electron correlation effects con-
tained in RVB theory explains this large splitting.
Going beyond benzene, in his study of graphite, Paul-
ing described [54] 2d graphene using an RVB wave func-
tion on a honeycomb lattice. After Anderson’s work [55]
it became clear that Pauling’s RVB wave function for
graphene actually describes a Mott insulating spin liquid
with a strong singlet pairing, rather than a semimetal.
Pauling’s RVB wave function did not contain impor-
tant polar (charge) fluctuations needed to describe a
semimetallic state of graphene.
With hind sight one can say that Pauling was ahead
of his time (not unusual) and exposed to us a hidden
singlet pairing correlation, which may become valuable
later. Fermi liquid theory (a theory valid at low energies)
for semimetallic graphene, also misses the off shell RVB
correlations. Effects of RVB correlations appear only as
renormalized Fermi liquid parameters.
RVB wave functions describe strongly correlated elec-
tronic states, where charge degrees of freedom are frozen,
in the sense that there is a finite energy gap to create
charged excitations. In this background of frozen charges,
pairs of spins form spin singlets and resonate. We get a
quantum spin liquid. An RVB state can not be written
as a Slater determinant - it defies an independent elec-
tron description. A popular, short range RVB state is
obtained by a coherent quantum superposition of all con-
figuration of singlet paired nearest neighbors in a given
lattice. Equation (8) to be discussed in the next section
is an example of RVB wave function, when α = 0. It is
characterized by a (valence bond) singlet pair function
φij .
Akbar Jafari and present author found [56] that the
singlet-triplet splitting found in molecular benzene sur-
vives in the extended semimetallic graphene, in the form
of an emergent spin-1 collective mode branch, This mode
lies in the window of particle-hole continuum, and oc-
cupies a large part of the Brilluouin zone, without get-
ting Landau damped. We also found that the collec-
tive mode formation keeps the Fermi liquid character of
semimetallic graphene intact. That is, low energy physics
of graphene is captured well by Fermi liquid theory of
Dirac semimetal.
Nevertheless, we interpreted the existence of a spin-1
collective mode as evidence from manybody theory for
presence of Pauling’s RVB physics in the ground state
of semimetallic graphene. Singlet correlations present
in the ground state enable formation of excited triplet
branch, obtained by breaking of existing singlet bonds.
Theory of High Tc Supercondudctivity in Doped
Graphene: A Summary
In this section we review our early theory of high Tc
superconductivity in doped graphene like systems, aris-
ing from even a moderate electron-electron repulsion. At
the heart of our suggestion is the low dimensionality of
graphene. It is known from Lieb-Wu solution [57] that in
1d repulsive Hubbard model at half filling, any small re-
pulsive U gets renormalized upwards (via repeated scat-
tering in 1d), resulting in a Mott Hubbard gap and a
finite effective singlet spin-spin coupling J between two
neighboring sites. Both are non perturbative effects.
We suggested [58] that even a moderate repulsive Hub-
bard U present in 2d graphene, stablizes a pairwise entan-
glement (a finite dynamical spin spin singlet coupliing J)
between electron spins at neighboring sites, via repeated
Hubbard U scattering in spin singlet channel. Unlike
1d, a small repulsive U does not cause Mott localization
however. More importantly an emergent well developed
singlet correlation in neutral graphene remains latent and
does not result in superconductivity, because of absence
of carriers at the Fermi level in neutral graphene.
Since Fermi liquid theory works remarkably well for
neutral graphene, RVB correlations tend to be ignored
in general in the literature. Can we afford to ignore hid-
den RVB correlations always ? Inspired by the discovery
of superconductivity in MgB2 (containing graphene like
charged B− honeycomb layers and AA stacking, inter-
calated by a triangular insulating lattice of Mg++ ions),
the present author addressed the above question and pre-
sented an effective theory [58], where RVB correlations
manifest as superconductivity via internal doping (elec-
tron transfer from σ band to pi∗ band) in a graphite like
structures.
We suggested that electron correlation induced bond
singlet correlation which are otherwise dormant start
showing up at high energy scales, or when perturbed. In
particular, when we perturb the system by adding carri-
ers and move away from charge neutral point of graphene,
high Tc superconductivity emerges for a range of optimal
doping, via electron correlation induced singlet pairing.
9That is, two added carriers have a strong nearest neigh-
bor singlet pairing attraction via RVB physics, resulting
in superconductivity, with Tc decided by the amount of
doping.
We view the induced nearest neighbor singlet coupling
between two added carriers as an on shell pheonomenon
in the following sense. Two added electrons, for example,
have more phase space for scattering (entire pi∗ band).
Further, these two electrons are quantum mechanically
indistinguishable from electrons of the dense pi electron
fluid. Thus added electrons also feel RVB correlations
and are able to bring it on shell in their dynamics.
Our original theory introduced an effective Hamilto-
nian, which had a nearest neighbor singlet pairing pseu-
dopotential J for added carriers. It is a phenomenological
coupling constant that took into account onsite Coulomb
repulsion induced nearest neighbor spin spinglet pairing.
When we apply our theory to benzene, required J value is
large ∼ 3 eV, reflecting strong singlet correlations present
in the ground state. For graphene this J is reduced be-
cause of pipi∗ band formation. However, even the reduced
J ∼ 1 to 2 eV, in our estimate [56], is still large, leading
to interesting prospects for high Tc superconductivity.
We studied [58] the above effective Hamiltonian using
mean field theory. Our theory correctly captures absence
of superconductivity in neutral graphene and prediced
high Tc superconductivity on doping. Our approach was
pursued by Doniach and Black-Schaffer [59], who discov-
ered a chiral mean field solution with a d + id symmetry
for the superconducting order parameter, and quantified
our high scale of mean field Tc at optimal doping.
Encouraged by the above development, and in the wake
of a growing interest in graphene, Pathak, Shenoy and
the present author [60], in 2010, went beyond mean field
theory, and directly analysed the 2d repulsive Hubbard
model on a honeycomb lattice, with parameters chosen
for graphene (t ≈ 3 eV and U ≈ 6 eV ). We used a state of
the art variational Montecarlo approach and studied the
following variational wave function at various dopings:
|α, ∆〉 ≡
∏
i
(1− α ni↑ni↓) [
∑
ij
φijb
†
ij ]
N/2 |0〉 (8)
Here ni↑, ni↓ are electron number operators and b
†
ij ≡
1√
2
(c†i↑c
†
j↓ − c†i↓c†j↑) is the singlet electron pair operator.
N is the number of electrons.
Our wave function contains two variational parameters
α and ∆. α is the Gutzwiller parameter. ∆ is spin singlet
d+id pairing chiral order parameter. It was introduced
via the Cooper pair function φij(∆). When ∆ = 0 and
α = 0 equation (8) becomes the non-interacting ground
state.
We minmized energy of the repulsive Hubbard model
with respect to α and ∆. For zero doping we found
an optimal solution ∆ = 0 and established a par-
tially Gutzwiller projected non superconducting Dirac
semimetal as the ground state. We calculated spatial
dependence of two particle singlet pair correlation for a
range of dopings and extracted coherence length. We in-
tepreted our result using a weak coupling BCS formula
and estimated the largest superconducting gap to be ∼
50 - 100 meV, and an optimal doping of 15 %. Corre-
sponding Tc, in our variational approach, which took into
account quantum fluctuations, was encouragingly high in
the range of 200 K. Subsequent works have gone further
and have have presented interesting analysis [61–65]
